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1. Introduction and main results
Consider the following gradient elliptic system⎧⎨⎩
−pu = Fu(x,u, v) in Ω,
−qv = Fv(x,u, v) in Ω,
u = v = 0 on ∂Ω,
(1)
where Ω ⊂ RN (N  3) is a bounded smooth domain, pu = div(|∇u|p−2∇u) is the p-Laplacian, 1 < p,q < N , F ∈ C1(Ω ×
R2, R), Fu designates the partial derivative of F with respect to u, and the following growth conditions hold: there are
p1 ∈ [1, p∗), q1 ∈ [1,q∗) and c1 > 0 such that∣∣Fs(x, s, t)∣∣ c1(1+ |s|p1−1 + |t|q1(p1−1)/p1), (2)∣∣Ft(x, s, t)∣∣ c1(1+ |s|p1(q1−1)/q1 + |t|q1−1) (3)
for all (x, s, t) ∈ Ω × R2, where p∗ := NpN−p is the critical Sobolev exponent of p, similarly for q∗ .
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−pu = λ|u|p−2u + λ
β + 1 |u|
α|v|β v in Ω,
−qv = λ|v|q−2v + λ
α + 1 |u|
α |v|βu in Ω,
u = v = 0 on ∂Ω,
(4)
with α,β  0 satisfying
(α + 1)/p + (β + 1)/q = 1.
The real number λ is called to be an eigenvalue of problem (4) if it has nontrivial solutions. In [1], Stavrakakis and Zo-
graphopoulos had proved that the ﬁrst eigenvalue of problem (4) is simple and isolated with a ﬁrst eigenfunction being
strictly positive in Ω , but they did not describe the other eigenvalues of problem (4). In this paper, using the cohomologi-
cal index of Fadell and Rabinowitz [2], we will construct an unbounded sequence of minimax eigenvalues and discuss the
nontrivial solutions of problem (1) involving the higher eigenvalues of problem (4).
Let W be the product space W 1,p0 (Ω) × W 1,q0 (Ω) equipped with the norm∥∥(u, v)∥∥= ‖u‖1,p + ‖v‖1,q
for all (u, v) ∈ W , where
‖u‖1,p =
(∫
Ω
|∇u|p dx
)1/p
for any u ∈ W 1,p0 (Ω). Deﬁne the functionals φ, ψ : W → R
φ(u, v) = 1
p
∫
Ω
|∇u|p dx+ 1
q
∫
Ω
|∇v|q dx,
ψ(u, v) = 1
p
∫
Ω
|u|p dx+ 1
q
∫
Ω
|v|q dx+ 1
(α + 1)(β + 1)
∫
Ω
|u|α|v|βuv dx
and the manifold
Σ = {(u, v) ∈ W : ψ(u, v) = 1}.
Then φ(u, v), ψ(u, v) are (p,q)-homogeneous, i.e.,
φ
(
t1/pu, t1/qv
)= tφ(u, v), ψ(t1/pu, t1/qv)= tψ(u, v)
for all t > 0 and (u, v) ∈ W , and Σ is a nonempty C1 manifold. Denote by A the class of compact symmetric subsets of Σ ,
let
Σk =
{
A ∈ A: i(A) k},
where i(A) is the cohomological index of A (see [2], the deﬁnition of the cohomological index will be recalled in Section 2),
we will prove that problem (4) has a sequence of eigenvalues with the variational characterization
λk = inf
A∈Σk
sup
(u,v)∈A
φ(u, v). (5)
As for the eigenvalues of problem (4), if p = q = 2, they can be obtained by the Krasnoselskii genus. For p = 2 or q = 2, the
nonlinear eigenvalue problem (4) is complicated, and we can also get a sequence of the eigenvalues of problem (4) by the
Krasnoselskii genus. In [3], authors can construct another sequence of the eigenvalues of problem (4) by the index γ +(A),
where A ∈ A,
γ +(A) = sup{m ∈ N ∣∣ there is a continuous odd surjection Ψ : Rm \ {0} → A}.
But we do not know if the sequences {λk}k∈N contain all the eigenvalues of problem (4). We will refer to {λk}k∈N as the
variational eigenvalues of problem (4), which will play an important role in our results.
In recent years, many people considered the existence of solutions for elliptic equation or elliptic systems where the
nonlinearity interacts with the spectrum, for example, see [4–7] and the reference therein for elliptic equations; [8–16] and
the reference therein for elliptic systems. Costa [11] considered the semilinear cooperative elliptic systems in RN where
Z.-Q. Ou, C.-L. Tang / J. Math. Anal. Appl. 383 (2011) 423–438 425the nonlinearity crossed the kth eigenvalue of the corresponding linear eigenvalue problem. In [13], Costa and Magalhães
obtained the similar results for the semilinear noncooperative elliptic systems. In [9], Boccardo and De Figueiredo deal with
problem (1) only involving the ﬁrst eigenvalue of an appropriate nonlinear eigenvalue problem, then Napoli and Marani [14]
proved some existence results for problem (1) where the nonlinearity involved the ﬁrst and second eigenvalues. In [15],
under the mixed subcritical growth condition and Ω = RN , Ali and Tas studied the existence of solutions for problem (1),
but the nonlinearity F only crossed the ﬁrst eigenvalue of an appropriate system.
Especially, Perera and Szulkin in [7] used the cohomological index and proved the existence of nontrivial solutions for the
p-Laplacian problem where the nonlinearity crosses an eigenvalue, these results extended the crossing conditions introduced
by Costa and Magalhães in [13].
Motivated by [7], we will extend the crossing condition and get the existence and multiplicity of nontrivial solutions for
problem (1) involving the eigenvalues of problem (4).
Assume that the nonlinearity F satisﬁes the following conditions: let
G(s, t) = 1
p
|s|p + 1
q
|t|q + 1
(α + 1)(β + 1) |s|
α |t|β st
for all (s, t) ∈ R2, there exist two constants μ0, μ∞ such that
lim|(s,t)|→0
F (x, s, t) −μ0G(s, t)
1
p |s|p + 1q |t|q
= 0, (6)
lim|(s,t)|→∞
F (x, s, t) − μ∞G(s, t)
1
p |s|p + 1q |t|q
= 0 (7)
uniformly in x ∈ Ω . We also introduce the local non-quadraticity condition, that is:
(LNQ)+ There are Ω0 ⊂ Ω with positive measure and C+(x) ∈ L1(Ω) such that
lim|(s,t)|→∞
{
1
p
Fs(x, s, t)s + 1
q
Ft(x, s, t)t − F (x, s, t)
}
= +∞,
uniformly for any x ∈ Ω0 and
1
p
Fs(x, s, t)s + 1
q
Ft(x, s, t)t − F (x, s, t) C+(x),
for all x ∈ Ω and (s, t) ∈ R2. In this paper, we need the measure of the subset Ω0 suﬃciently large. Let
Λ1 =
⎧⎨⎩m(Ω) − (
Sp
2μ∞ )
N/p ifm(Ω) > ( Sp2μ∞ )
N/p,
a constant ∈ (0,m(Ω)) ifm(Ω) ( Sp2μ∞ )N/p .
Similarly, Λ2 = m(Ω) − ( Sq2μ∞ )N/q > 0 if m(Ω) > (
Sq
2μ∞ )
N/q or Λ2 ∈ (0,m(Ω)) if m(Ω)  ( Sq2μ∞ )N/q , where Sp , Sq are
the best constants for the Sobolev embeddings W 1,p(Ω) ↪→ Lp∗(Ω) and W 1,q(Ω) ↪→ Lq∗ (Ω), respectively. Let Λ =
max{Λ1,Λ2}. Now we are ready to introduce the main results.
Theorem 1. Assume that λk−1 < λk and such that the nonlinearity F satisﬁes (2), (3), (6), (7) and (LNQ)+ with m(Ω0) > Λ. Then
for any ε0 ∈ (0, λk − λk−1), there exists an eigenvalue λ˜k  λk such that problem (1) has a nontrivial solution if
F (x, s, t) (λk−1 + ε0)G(s, t) (8)
for all (x, s, t) ∈ Ω × R2 and one of the following hypothesis holds:
(i) μ0 < λk  λ˜k < μ∞ , or
(ii) μ∞ < λk  λ˜k < μ0 .
When the nonlinearity F is even in (s, t), we have the following multiplicity result.
Theorem 2. Assume that λk−1 < λk, F (x, s, t) = F (x,−s,−t) for all (x, s, t) ∈ Ω × R2 , and the conditions (2), (3), (6), (7) and
(LNQ)+ with m(Ω0) > Λ. Then problem (1) has m − k pairs of nontrivial solutions if
(i) λk−1 < μ0 < λk  λm−1 < μ∞ < λm, or
(ii) λk−1 < μ∞ < λk  λm−1 < μ0 < λm.
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non-quadraticity condition, which Costa and Magalhães put out in [12]. But combining the condition (LNQ)+ and other
conditions can ensure the compactness condition holds. Conditions (6) and (7) can be seen as some kind of “asymptotically
linear” at zero and at inﬁnity. (i) and (ii) of Theorem 1 and Theorem 2 are the crossing conditions introduced by Costa and
Magalhães in [13].
This article is organized as follows: in Section 2, we recall the cohomological index and make a detailed discussion of
variational eigenvalues of problem (4). In Section 3, we ﬁrst recall a notion of the linking and the corresponding critical
point theorem to prove Theorem 1 and show some kind of the compactness condition, i.e., the (Ce) condition occurs. Then,
we are devoted to the proof of Theorem 1. Finally, Theorem 2 will be proved by using the pseudo-index theory of Benci
[19] for case (i), the index theory of Rabinowitz [20] for case (ii), respectively.
2. Cohomological index and variational eigenvalues
Let X be a Banach space and A denote the class of symmetric subsets of X . Fadell and Rabinowitz in [2] constructed an
index theory i : A → N ∪ {∞} with the following properties:
(i) Deﬁniteness: i(A) 0, i(A) = 0 ⇔ A =∅;
(ii) Monotonicity: If there is an odd continuous map A → A′ , then
i(A) i
(
A′
)
,
in particular, equality holds if A and A′ are homeomorphic;
(iii) Subadditivity:
i
(
A ∪ A′) i(A) + i(A′);
(iv) Continuity: If A is closed, there is a closed neighborhood U ∈ A of A such that
i(U ) = i(A);
(v) Neighborhood of zero: If U is a bounded symmetric neighborhood of 0 in X ,
i(∂U ) = dim X;
(vi) Stability: If A is closed and A ∗ Z2 is the join of A with Z2, realized in X ⊕ R ,
i(A ∗ Z2) = i(A) + 1,
where Z2 = {1,−1} ⊂ R , A ∗ Z2 is the union of all line segments in X ⊕ R , joining {1} and {−1} to points of A, hence
A ∗ Z2 is the suspension of A.
(vii) Piercing property: Assume that A, A0, A1 are closed and
ϕ : A × [0,1] → A0 ∪ A1
is an odd continuous map such that ϕ(A × [0,1]) is closed, and
ϕ
(
A × {0})⊂ A0, ϕ(A × {1})⊂ A1.
Then
i
(
ϕ
(
A × [0,1])∩ A0 ∩ A1) i(A).
Notice that i(A) γ (A), where γ denotes the Krasnoselskii genus. Indeed, if γ (A) < ∞, there exists an odd continuous
map A → Sk−1, hence by (ii) and (v), we obtain i(A) i(Sk−1) = k.
Now, we will consider the nonlinear eigenvalue problem (4) using the above cohomological index. We see from the
Lagrange multiplier rule that the eigenvalues of problem (4) are the critical values of the functional φ in the manifold Σ .
For our later convenience, let
φc = {(u, v) ∈ Σ: φ(u, v) c}, φc = {(u, v) ∈ Σ: φ(u, v) c},
for any (u, v) ∈ W \ {(0,0)}, we obtain(
u
1/p
,
v
1/q
)
∈ φc ⇔ φ(u, v) cψ(u, v) (9)(ψ(u, v)) (ψ(u, v))
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u
(ψ(u, v))1/p
,
v
(ψ(u, v))1/q
)
∈ φc ⇔ φ(u, v) cψ(u, v). (10)
By the Sobolev embedding theorem, for any 1<m < N , if 1< δ m∗ := NmN−m , the embedding
W 1,m0 (Ω) ↪→ Lδ(Ω)
is continuous and there is a positive constant C = C(m, θ, δ,N) such that
‖u‖θLδ(Ω)  C‖u‖θ1,m (11)
for all u ∈ W 1,m0 (Ω). In the following, C always stand for a embedding constant related to (11). If 1 < δ <m∗ := NmN−m , the
embedding W 1,m0 (Ω) ↪→ Lδ(Ω) is compact.
Lemma 1. φ|Σ satisﬁes the Palais–Smale condition.
Proof. Let (un, vn) ⊂ Σ be a (PS) sequence of φ|Σ , that is, there is a constant c > 0 such that∣∣φ(un, vn)∣∣ c (12)
for all n ∈ N and
φ|′Σ(un, vn) = φ′(un, vn) − φ(un, vn)ψ ′(un, vn) → 0 (13)
as n → ∞. From (12), (un, vn) is bounded in W . Without any loss of generality, there is a subsequence of (un, vn), still
denoted by (un, vn), and (u, v) ∈ W such that
(un, vn) ⇀ (u, v)
weakly in W and
(un, vn) → (u, v)
strongly in Lp(Ω) × Lq(Ω). Consequently, from (13) and the boundedness of (un, vn), one gets
lim
n→∞
〈
φ′(un, vn) − φ(un, vn)ψ ′(un, vn), (un − u,0)
〉= 0. (14)
From Hölder’s inequality, (11) and the boundedness of (un, vn), we obtain∣∣∣∣∫
Ω
|un|p−2un(un − u)dx
∣∣∣∣  ‖un‖p−1Lp(Ω)‖un − u‖Lp(Ω)
 C‖un‖p−11,p ‖un − u‖Lp(Ω)
→ 0
and ∣∣∣∣∫
Ω
|un|α|vn|β vn(un − u)dx
∣∣∣∣  ‖un‖αLp(Ω)‖vn‖β+1Lq(Ω)‖un − u‖Lp(Ω)
 C2‖un‖α1,p‖vn‖β+11,q ‖un − u‖Lp(Ω)
→ 0
as n → ∞. Hence, combining the above two inequalities and (14), we have
lim
n→∞
∫
Ω
(|∇un|p−2∇un,∇(un − u))dx = 0.
Since we also obtain
lim
n→∞
∫ (|∇u|p−2∇u,∇(un − u))dx = 0,
Ω
428 Z.-Q. Ou, C.-L. Tang / J. Math. Anal. Appl. 383 (2011) 423–438it follows that∫
Ω
(|∇un|p−2∇un − |∇u|p−2∇u,∇(un − u))dx → 0 (15)
as n → ∞. From Hölder’s inequality, ones obtain
0
(‖un‖p−11,p − ‖u‖p−11,p )(‖un‖1,p − ‖u‖1,p) ∫
Ω
(|∇un|p−2∇un − |∇u|p−2∇u,∇(un − u))dx
which implies ‖un‖1,p → ‖u‖1,p by (15) as n → ∞. In a similar way, ‖vn‖1,q → ‖v‖1,q as n → ∞. By the uniformly con-
vexity of W 1,p0 (Ω) we know un → u in W 1,p0 (Ω). Similarly, we have vn → v in W 1,q0 (Ω), hence (un, vn) → (u, v) strongly
in W . 
Since Σ is a C1 manifold, we need the following deformation lemma (cf. [18]) which can be ensured by the (PS)
condition.
Lemma 2. (See [18].) Let β ∈ R be a regular value of φ|Σ , ε¯ > 0 and φ|Σ satisﬁes the (PS) condition. Then there is ε ∈ (0, ε¯) and a
continuous one parameter family of homeomorphisms η : Σ × [0,1] → Σ , with the following properties:
1. η(z, t) = z, if t = 0 or if |φ|Σ(z) − β| ε¯;
2. φ|Σ(η(z, t)) is non-increasing in t for any z ∈ Σ ;
3. If φ|Σ(z) β + ε, then φ|Σ(η(z,1)) β − ε;
4. η(−z, t) = −η(z, t) for any t  0 and any z ∈ Σ .
Proposition 1. The number λk, characterized by (5), is an eigenvalue of problem (4). Moreover λk → ∞ as k → ∞.
Proof. It is well known that the eigenvalues of problem (4) correspond to the critical values of φ|Σ . Suppose that λk is
not a critical value, that is, it is a regular value. Using ε¯ = 1 and β = λk , let ε ∈ (0,1) and η be the objects guaranteed
by Lemma 2. By the deﬁnition of λk and the monotonicity of the cohomological index, there is an A ∈ Σk such that
sup(u,v)∈A φ(u, v) λk + ε and η(A,1) ∈ Σk , but sup(u,v)∈η(A,1) φ(u, v) λk − ε, which contradicts the deﬁnition of λk .
Clearly, λk  λk+1. To see that λk → ∞, recall that this holds for Ljusternik–Schnirelman eigenvalue μk deﬁned by the
genus γ . But from i(A) γ (A), we obtain μk  λk . 
If λk−1 < λk and ε0 ∈ (0, λk − λk−1), we choose A0 ∈ Σk−1 such that A0 ⊂ φλk−1+ε0/2. Let
G = {g ∈ C(C A0,Σ): g|A0 = id},
where C A0 = (A0 × [0,1])/(A0 × {0}) is the cone over A0, and let
λ˜k = inf
g∈G sup(u,v)∈g(C A0)
φ(u, v).
Proposition 2. λ˜k  λk is an eigenvalue of problem (4).
Proof. Let g ∈ G . Regarding A0 ∗ Z2 as the suspension of A0, we can extend g to an odd map g˜ ∈ C(A0 ∗ Z2,Σ), then
g˜(A0 ∗ Z2) ∈ A. From (ii) and (vi) of the cohomological index, we obtain
i
(
g˜(A0 ∗ Z2)
)
 i(A0 ∗ Z2) = i(A0) + 1 k
and
sup
(u,v)∈g(C A0)
φ(u, v) = sup
(u,v)∈g˜(A0∗Z2)
φ(u, v) λk, (16)
which implies that λ˜k  λk . If λ˜k is not a critical value of φΣ , there exists an ε ∈ (0, λ˜k − λk−1 − ε0/2) and an odd homeo-
morphism η of Σ such that η|A0 = id and
η
(
φλ˜k+ε
)⊂ φλ˜k−ε.
Taking g ∈ G with
sup φ(u, v) λ˜k + ε,
(u,v)∈g(C A0)
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sup
(u,v)∈η◦g˜(A0∗Z2)
φ(u, v) λ˜k − ε,
which contradicts the deﬁnition of λ˜k . 
3. Proofs of Theorem 1 and Theorem 2
In order to prove our theorems, we need an abstract critical point theorem. As it is well known, this kind of theory is
based on the existence of a linking structure and on a compactness condition. In this paper, we use the (Ce) condition, that
is, the functional Φ satisﬁes the (Ce)c condition at the level c ∈ R , if any sequence {zn} ⊂ W such that
Φ(zn) → c,
(
1+ ‖zn‖
)∥∥Φ ′(zn)∥∥W ∗ → 0
as n → ∞, has a convergent subsequence. The functional Φ satisﬁes the (Ce) condition if Φ satisﬁes the (Ce)c condition at
any c ∈ R . The (Ce) condition was introduced by Cerami [10], it is a weaker version of the (PS) condition.
Next, we recall a generalized notion of the linking and the corresponding critical point theorem (see [7]).
Deﬁnition 1. (See [7].) Let A be a closed subset of a metric space K and B be a closed subset of a Banach space W such
that A =∅ = B and let f ∈ C(A,W \B). We say that A and B are f -linked with respect to K if h(K )∩ B =∅ for every map
h ∈ C(K ,W ), h|A = f . If A ⊂ K ⊂ W and f is the identity map on A, we say A links B .
Theorem 3. (See [7].) Suppose that K is a metric space and W is a Banach space. Consider a closed subset A ⊂ K , a closed subset
B ⊂ W and f ∈ C(A,W \B). Set
H = {h ∈ C(K ,W ): h|A = f }.
Assume that A and B are f -linked with respect to K and Φ ∈ C1(W , R) satisﬁes:
(a) There exists h0 ∈ H such that supx∈K Φ(h0(x)) < ∞;
(b) There exist β0 > α0 such that
inf
x∈B Φ(x) β0
and
sup
x∈A
Φ
(
f (x)
)
 α0;
(c) Φ satisﬁes the (Ce) condition. Then the number
c := inf
h∈H
sup
x∈K
Φ
(
h(x)
)
(17)
is a critical value c  β0 of Φ .
Let J : W → R be the functional deﬁned by
J (u, v) = 1
p
∫
Ω
|∇u|p dx+ 1
q
∫
Ω
|∇v|q dx−
∫
Ω
F (x,u, v)dx = φ(u, v) −
∫
Ω
F (x,u, v)dx. (18)
It is not diﬃcult to verify that J ∈ C1(W , R) and a critical point of the functional J in W is a weak solution of problem (1).
Lemma 3. If the conditions (2), (3), (7) and (LNQ)+ with m(Ω0) > Λ hold, the functional J satisﬁes the (Ce) condition.
Proof. Let (un, vn) be a (Ce) sequence for the functional J , that is,
J (un, vn) → c, (19)∥∥ J ′(un, vn)∥∥(1+ ∥∥(un, vn)∥∥)→ 0 (20)
as n → ∞. We claim that (un, vn) is bounded in W , then prove that (un, vn) has a convergent subsequence. Suppose, by
contradiction, that ‖(un, vn)‖ → ∞ as n → ∞. From (19) and (20), there exists a positive constant M0 such that
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n→∞ J (un, vn) −
〈
J ′(un, vn),
(
1
p
un,
1
q
vn
)〉
= lim inf
n→∞
∫
Ω
1
p
Fu(x,un, vn)un + 1
q
Fv(x,un, vn)vn − F (x,un, vn)dx
 M0. (21)
From (7), for any ε > 0, there is L > 0 such that∣∣F (x, s, t) −μ∞G(s, t)∣∣ ε
p
|s|p + ε
q
|t|q
for all x ∈ Ω and |(s, t)| L, hence, from the continuity of F , there exists M1 = M1(ε) > 0 such that
F (x, s, t)μ∞G(s, t) + ε
p
|s|p + ε
q
|t|q + M1 (22)
and
F (x, s, t)μ∞G(s, t) − ε
p
|s|p − ε
q
|t|q − M1 (23)
for any (x, s, t) ∈ Ω × R2.
From (19), (22) and (11), for n large enough, we have
1
p
‖un‖p1,p +
1
q
‖vn‖q1,q = J (un, vn) +
∫
Ω
F (x,un, vn)dx
 (c + 1) + μ∞
∫
Ω
G(un, vn)dx+ ε
p
∫
Ω
|un|p dx+ ε
q
∫
Ω
|vn|q dx+ M1|Ω|
 M2 + μ∞
∫
Ω
G(un, vn)dx+ εC
p
‖un‖p1,p +
εC
q
‖vn‖q1,q, (24)
where M2 = c + 1+ M1|Ω|. Let
u˜n = un
(‖un‖p1,p + ‖vn‖q1,q)1/p
, v˜n = vn
(‖un‖p1,p + ‖vn‖q1,q)1/q
,
we have
‖u˜n‖p1,p + ‖v˜n‖q1,q = 1 (25)
for all n ∈ N . Moreover, from (α + 1)/p + (β + 1)/q = 1, we obtain∫
Ω
|u˜n|α |v˜n|β u˜n v˜n dx =
∫
Ω
|un|α |vn|βunvn dx/
(‖un‖p1,p + ‖vn‖q1,q).
We assume that there is (u˜, v˜) such that
(u˜n, v˜n) ⇀ (u˜, v˜)
weakly in W ,
(u˜n, v˜n) → (u˜, v˜)
strongly in Lp(Ω) × Lq(Ω) and(
u˜n(x), v˜n(x)
)→ (u˜(x), v˜(x))
for a.e. x ∈ Ω . Hence, dividing (24) with ‖un‖p1,p + ‖vn‖q1,q , taking n → ∞, ε → 0, from (25), one has
1
p
+ 1
q
μ∞
(
1
p
∫
Ω
|u˜|p dx+ 1
q
∫
Ω
|v˜|q dx+ 1
(α + 1)(β + 1)
∫
Ω
|u˜|α |v˜|β u˜ v˜ dx
)
.
Combining the above inequality and Young’s inequality yields
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p
+ 1
q
 2μ∞
(
1
p
∫
Ω
|u˜|p dx+ 1
q
∫
Ω
|v˜|q dx
)
, (26)
hence, we can conclude that there exists Ω˜ ⊂ Ω0 with positive measure such that u˜(x) = 0 or v˜(x) = 0 for a.e. x ∈ Ω˜ .
In fact, we suppose that this conclusion does not hold. By Hölder’s inequality and m(Ω0) > Λ, we obtain
2μ∞
∫
Ω
|u˜|p dx = 2μ∞
∫
Ω\Ω0
|u˜|p dx
 2μ∞
( ∫
Ω\Ω0
|u˜|p∗ dx
)p/p∗
m(Ω\Ω0)p/N
 2μ∞S−1p ‖u˜‖p1,pm(Ω\Ω0)p/N
 2μ∞S−1p m(Ω\Ω0)p/N
< 1.
Similarly, we have 2μ∞
∫
Ω
|v˜|q dx < 1. By a simple computation, we get
2μ∞
(
1
p
∫
Ω
|u˜|p dx+ 1
q
∫
Ω
|v˜|q dx
)
<
1
p
+ 1
q
,
which is a contradiction with (26).
From the above conclusion and the deﬁnition of u˜n, v˜n , it follows that |un(x)| → ∞ or |vn(x)| → ∞ as n → ∞ for a.e.
x ∈ Ω˜ . Combining (LNQ)+ and Fatou’s lemma yields
lim inf
n→∞
∫
Ω
1
p
Fu(x,un, vn)un + 1
q
Fv(x,un, vn)vn − F (x,un, vn)dx
= lim inf
n→∞
∫
Ω˜
1
p
Fu(x,un, vn)un + 1
q
Fv(x,un, vn)vn − F (x,un, vn)dx
+ lim inf
n→∞
∫
Ω\Ω˜
1
p
Fu(x,un, vn)un + 1
q
Fv(x,un, vn)vn − F (x,un, vn)dx

∫
Ω˜
lim inf
n→∞
(
1
p
Fu(x,un, vn)un + 1
q
Fv(x,un, vn)vn − F (x,un, vn)
)
dx− ‖C+‖L1
= +∞,
which contradicts (21). Hence, (un, vn) is bounded in W , that is, there is M3 > 0 such that
‖un‖1,p + ‖vn‖1,q  M3 (27)
for all n ∈ N . Thus, there is a subsequence of (un, vn), without any loss of generality still denoted by (un, vn), and (u, v) ∈ W
such that (un, vn) ⇀ (u, v) weakly in W , (un, vn) → (u, v) strongly in Lp1(Ω) × Lq1 (Ω). Consequently, from (20) and (27),
one has
lim
n→∞
〈
J ′(un, vn), (un − u,0)
〉= 0. (28)
From (2), Hölder’s inequality, (11) and (27), it follows that∣∣∣∣∣
∫
Ω
Fu(x,un, vn)(un − u)dx
∣∣∣∣∣
 c1|Ω|
p−1
p ‖un − u‖Lp(Ω) + c1
(‖un‖p1−1Lp1 (Ω) + ‖vn‖ p1−1p1Lq1 (Ω))‖un − u‖Lp1 (Ω)
 c1|Ω|
p−1
p ‖un − u‖Lp(Ω) + c1C
(‖un‖p1−11,p + ‖vn‖ p1−1p11,q )‖un − u‖Lp1 (Ω)
→ 0
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Ω
|un|p−2un(un − u)dx
∣∣∣∣  ‖un‖p−1Lp(Ω)‖un − u‖Lp(Ω)
 C‖un‖p−11,p ‖un − u‖Lp(Ω)
→ 0
and ∣∣∣∣ ∫
Ω
|un|α|vn|β vn(un − u)dx
∣∣∣∣  ‖un‖αLp(Ω)‖vn‖β+1Lq(Ω)‖un − u‖Lp(Ω)
 C2‖un‖α1,p‖vn‖β+11,q ‖un − u‖Lp(Ω)
→ 0
as n → ∞. Combining the above three inequalities and (28), we get∫
Ω
(|∇un|p−2∇un,∇(un − u))dx → 0
as n → ∞. Similarly, we also obtain
lim
n→∞
∫
Ω
(|∇u|p−2∇u,∇(un − u))dx = 0,
hence,
lim
n→∞
∫
Ω
((|∇un|p−2∇un − |∇u|p−2∇u),∇(un − u))dx = 0.
From Clarkson’s inequality, that is, there is Cp > 0 such that
|μ− ν|p 
{
Cp(|μ|p−2μ− |ν|p−2ν)(μ − ν), p  2,
Cp((|μ|p−2μ− |ν|p−2ν)(μ − ν)) p2 (|μ| + |ν|) (2−p)p2 , 1< p < 2,
for all μ,ν ∈ RN , it follows that
lim
n→∞
∫
Ω
|∇un − ∇u|p dx = 0,
this is, un → u in W 1,p0 (Ω). Similarly, we have vn → v in W 1,q0 (Ω), hence (un, vn) → (u, v) strongly in W . 
In the following, we will show that the functional J satisﬁes the geometric assumptions of Theorem 3, then combining
Lemma 3, we obtain a nontrivial critical point of J , hence Theorem 1 is proved.
Proof of Theorem 1. Case (i). Let A0 ∈ Σk−1 with A0 ⊂ φλk−1+ε0/2. From (18), (8) and (9), we obtain
J (u, v) φ(u, v) − (λk−1 + ε0)ψ(u, v)

( −ε0/2
λk−1 + ε0/2
)
φ(u, v)
 0 (29)
for all (u, v) ∈ W satisfying (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ A0. By the deﬁnition of λ˜k and λ˜k < μ∞ , we can choose
g ∈ G such that g(C A0) ⊂ φ(μ∞+λ˜k)/2. For any (u, v) ∈ W satisfying(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) ∈ g(C A0),
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J (u, v) φ(u, v) − μ∞ψ(u, v) + ε
p
∫
Ω
|u|p dx+ ε
q
∫
Ω
|v|q dx+ M1|Ω|

(
λ˜k − μ∞
λ˜k + μ∞
+ εC
)
φ(u, v) + M1|Ω|.
By taking ε = (μ∞ − λ˜k)/2C(λ˜k + μ∞), for L > 0 large enough, we have
J (u, v) 0 (30)
for any (u, v) ∈ W satisfying ‖u‖p1,p + ‖v‖q1,q = L and(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) ∈ g(C A0).
We regard W as a subspace of W ⊕ R and assume C A0 is a geometric cone over A0 in W ⊕ R with the vertex not being
in W . Let
A1 =
{(
t1/pu, t1/qv
)
: (u, v) ∈ A0, t ∈ [0,1]
}
, A = A1 ∪ C A0
and g(u, v, t) = (u˜, v˜) ∈ Σ for all (u, v, t) ∈ C A0, deﬁne the function f : A → W as follows: f (u, v) = (L1/pu, L1/qv) for any
(u, v) ∈ A1 and f (u, v, t) = (L1/pu˜, L1/q v˜) for any (u, v, t) ∈ C A0. Since g ∈ G , we know that g|A0 = id and f is well deﬁned.
From (29) and (30), we obtain
max J
(
f (A)
)
 0. (31)
On the other hand, from (6), for any ε > 0, there is ρ0 > 0 such that∣∣F (x, s, t) − μ0G(s, t)∣∣ ε
p
|s|p + ε
q
|t|q (32)
for all x ∈ Ω and |(s, t)| ρ0. From (2), (3) and Young’s inequality, for any (s, t) ∈ R2, it follows that
∣∣F (x, s, t)∣∣= ∣∣∣∣∣
1∫
0
(
Fs(x, rs, rt)s + Ft(x, rs, rt)t
)
dr
∣∣∣∣∣

1∫
0
(∣∣Fs(x, rs, rt)∣∣|s| + ∣∣Ft(x, rs, rt)∣∣|t|)dr
 c1
1∫
0
(|s| + |s|p1rp1−1 + |rt| q1(p1−1)p1 |s| + |t| + |t|q1rq1−1 + |rs| p1(q1−1)q1 |t|)dr
 c1
(
|s| + |t| + 1
p1
|s|p1 + 1
q1
|t|q1 + p1
p1 + q1(p1 − 1) |t|
q1(p1−1)
p1 |s| + q1
p1(q1 − 1) + q1 |s|
p1(q1−1)
q1 |t|
)
 c2
(|s| + |t| + |s|p1 + |t|q1),
where c2 is a positive constant independent to (s, t), therefore, there exists M4 > 0 such that∣∣F (x, s, t)∣∣ M4(|s|p1 + |t|q1), ∀x ∈ Ω, ∣∣(s, t)∣∣ ρ0,
hence, combining (32) and the above inequality yields
F (x, s, t)μ0G(s, t) + ε
p
|s|p + ε
q
|t|q + M4
(|s|p1 + |t|q1) (33)
and
F (x, s, t)μ0G(s, t) − ε
p
|s|p − ε
q
|t|q − M4
(|s|p1 + |t|q1) (34)
for all (x, s, t) ∈ Ω × R2. From (18), (33), (11) and (10), it follows that
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p
∫
Ω
|u|p dx− ε
q
∫
Ω
|v|q dx− M4
∫
Ω
(|u|p1 + |v|q1)dx

(
1− μ0
λk
− εC
)
φ(u, v) − M4C
(‖u‖p11,p + ‖v‖q11,q)
for any (u, v) ∈ W with (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ φλk . Hence, let ε = (λk − μ0)/2Cλk , there is ρ > 0 such that
J (u, v) > 0
on
B = {(u, v) ∈ Sρ : (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ φλk},
where
Sρ =
{
(u, v) ∈ W : ‖u‖p1,p + ‖v‖q1,q = ρ
}
.
We will show that (A, f ) links B with respect to
K = {(u, v): (u, v) ∈ A1}∪ {(t1/pu, t1/qv, t′): (u, v, t′) ∈ C A0, t ∈ [0,1]}
= {(t1/pu, t1/qv, t′): (u, v, t′) ∈ C A0, t ∈ [0,1]},
where we regard (u, v) ∈ A0 as (u, v,0) ∈ C A0, and consequently J has a positive critical value.
For any h ∈ C(K ,W ) such that h|A = f , we can extend h to be an odd map h˜ on
K˜ = {(t1/pu, t1/qv, t′): (u, v, t′) ∈ A0 ∗ Z2, t ∈ [0,1]}.
Now it suﬃces to show that
h˜(K˜ ) ∩ B =∅. (35)
We obtain h˜(0) = 0 by the oddness of h˜, h˜|A0∗Z2 = (L1/pu˜, L1/q v˜), where h˜ is as in the proof of Proposition 2 and h˜(u, v, t) =
(u˜, v˜) for any (u, v, t) ∈ A0 ∗ Z2. Let
C = A0 ∗ Z2, C0 = B¯ρ, C1 = W \ Bρ,
where Bρ = {(u, v) ∈ W : ‖u‖p1,p + ‖v‖q1,q < ρ}, and
ϕ : C × [0,1] → C0 ∪ C1,
(
u, v, t′, t
)→ h˜(t1/pu, t1/qv, t′).
Noting that
ϕ
(
C × [0,1])= h˜(K˜ ), C0 ∩ C1 = Sρ,
ϕ
(
C × {0})= h˜(0) = 0 ∈ C0, ϕ(C × {1})= h˜(A0 ∗ Z2) ⊂ C1,
by the piercing property, we obtain
i
(
h˜(K˜ ) ∩ Sρ
)= i(ϕ(C × [0,1])∩ C0 ∩ C1) i(C) = i(A0 ∗ Z2) k,
hence, we have
max
(u,v)∈h˜(K˜ )∩Sρ
φ
(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) λk,
and (35) follows.
Case (ii). For any (u, v) ∈ W satisfying(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) ∈ φλk ,
from (18), (22), (11) and (10), we have
J (u, v) φ(u, v) − μ∞ψ(u, v) − ε
p
∫
Ω
|u|p dx− ε
q
∫
Ω
|v|q dx− M1|Ω|

(
1− μ∞ − εC
)
φ(u, v) − M1|Ω|,λk
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J (u, v) > 0
for all (u, v) ∈ W satisfying ‖u‖p1,p + ‖v‖q1,q  L and(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) ∈ φλk .
Since J is bounded on bounded sets, J is bounded below on
B = {(t1/pu, t1/qv): (u, v) ∈ φλk , t  0}.
On the other hand, for any (u, v) ∈ W with(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) ∈ A0 ⊂ φλk−1+ε0/2,
from (18) and (8), one gets
J (u, v) φ(u, v) − (λk−1 + ε0)ψ(u, v)
( −ε0/2
λk−1 + ε0/2
)
φ(u, v),
hence taking
A = {(u, v): ‖u‖p1,p + ‖v‖q1,q = L′, (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ A0}
with L′ > L suﬃciently large, we obtain
max
(u,v)∈A
J (u, v) < inf
(u,v)∈B J (u, v).
Our conclusion is obtained if A links B with respect to
K = {(t1/pu, t1/qv): (u, v) ∈ A, t ∈ [0,1]},
and the critical value c deﬁned by (17) is negative.
Let h ∈ C(K ,W ) such that h|A = id. The claim holds if 0 ∈ h(K ). Otherwise, let (u˜, v˜) = h((L′(1− t))1/pu, (L′(1− t))1/qv)
for any (u, v, t) ∈ C A0, the map
g(u, v, t) =
(
u˜
(ψ(u˜, v˜))1/p
,
v˜
(ψ(u˜, v˜))1/q
)
, ∀(u, v, t) ∈ C A0
is in G , and it suﬃces to show that
g(C A0) ∩ B =∅.
But maxφ(g(C A0)) λk by (16), hence the conclusion holds by the deﬁnition of B .
In order to see that c < 0, taking g ∈ G such that g(C A0) ⊂ φ(λ˜k+μ0)/2, from (18), (34), (11) and (9), for any (u, v) ∈ W
with (
u/
(
ψ(u, v)
)1/p
,
(
ψ(u, v)
)1/q) ∈ g(C A0),
we have
J (u, v) φ(u, v) − μ0ψ(u, v) + ε
p
∫
Ω
|u|p dx+ ε
q
∫
Ω
|v|q dx+ M4
∫
Ω
(|u|p1 + |v|q1)dx

(
λ˜k − μ0
λ˜k + μ0
+ Cε
)
φ(u, v) + M4C
(‖u‖p11,p + ‖v‖q11,q).
Choosing ε = (μ0 − λ˜k)/2C(λ˜k + μ0), for ρ > 0 small enough, we have
J (u, v) < 0 (36)
for all (u, v) ∈ W satisfying ‖u‖p1,p + ‖v‖q1,q = ρ and(
u/
(
ψ(u, v)
)1/p
,
(
ψ(u, v)
)1/q) ∈ g(C A0).
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J (u, v) φ(u, v) − (λk−1 + ε0)ψ(u, v)

(
− ε0/2
λk−1 + ε0/2
)
φ(u, v)
< 0
for any (u, v) ∈ W satisfying ‖u‖p1,p + ‖v‖q1,q  ρ and(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) ∈ A0.
So we get max J (h(K )) < 0 for
h
(
t1/pu, t1/qv
)= { (ρ1/p,ρ1/q) · g(u/(ψ(u, v))1/p, v/(ψ(u, v))1/q,1− L′t/ρ), for 0 t  ρ/L′,
(t1/pu, t1/qv), for ρ/L′  t  1,
then, from the deﬁnition of the critical value c, we obtain c < 0. 
As for the proof of Theorem 2, we will use the pseudo-index of Benci [19] for the case (i) and the index theory of Rabi-
nowitz [20] for the case (ii), respectively. From the standard argument, we can prove that the (PS) condition in Theorem 1.4
of [19] and in Theorem 9.1 of [20] can be replaced with the (Ce) condition. In the next, we only verify the functional J
satisﬁes the other conditions of Theorem 1.4 and Theorem 9.1, respectively. Combining Lemma 3, we may prove Theorem 2.
Proof of Theorem 2. Case (i). Denote by A the class of compact symmetric subsets of W and by H the group of odd
homeomorphisms h of W such that h| J0 = id, where J0 = {(u, v) ∈ W : J (u, v) 0}.
For any (u, v) ∈ W such that (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ φλk , from (18), (33), (11) and (10), it follows that
J (u, v) φ(u, v) − μ0ψ(u, v) − ε
p
∫
Ω
|u|p dx− ε
q
∫
Ω
|v|q dx− M4
∫
Ω
(|u|p1 + |v|q1)dx

(
1− μ0
λk
− εC
)
φ(u, v) − M4C
(‖u‖p11,p + ‖v‖q11,q),
let ε = (λk − μ0)/2Cλk , therefore, there is ρ > 0 such that
J (u, v) > 0 (37)
on B = {(u, v) ∈ Sρ : (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ φλk }, where Sρ = {(u, v) ∈ W : ‖u‖p1,p + ‖v‖q1,q = ρ}.
Let
i∗(A) = min
h∈H
i
(
h(A) ∩ Sρ
)
, ∀A ∈ A
be the pseudo-index of Benci [19] related to i, Sρ and H , where i is the cohomological index, and
c j = inf
A∈A,
i∗(A) j
max
(u,v)∈A
J (u, v), j = k, . . . ,m − 1.
We will show that 0< ck  · · · cm−1 < +∞ and hence J has m − k pairs of nontrivial critical points.
If i∗(A) k, taking h = id, we obtain i(A ∩ Sρ) k and
max
(u,v)∈A∩Sρ
φ
(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) λk,
consequently
max
(u,v)∈A
J (u, v) max
(u,v)∈A∩Sρ
J (u, v),
from (37) and the deﬁnition of ck , it follows that ck > 0.
Now we will show that cm−1 is well deﬁned and ﬁnite. For this, we will construct a set A ∈ A with i∗(A)m − 1. Let
A0 ∈ Σm−1, A0 ⊂ φ(μ∞+λm−1)/2, from (18), (23), (11) and (9), we obtain
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p
∫
Ω
|u|p dx+ ε
q
∫
Ω
|v|q dx+ M1|Ω|

(
λm−1 − μ∞
λm−1 + μ∞ + εC
)
φ(u, v) + M1|Ω|. (38)
Set
A = {(t1/pu, t1/qv) ∣∣ t ∈ [0,1], ‖u‖p1,p + ‖v‖q1,q = L, (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ A0},
let ε = (μ∞ − λm−1)/2C(λm−1 + μ∞), for L > 0 large enough, from (38), it follows that
J (u, v) 0
on
∂ A = {(u, v): ‖u‖p1,p + ‖v‖q1,q = L, (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ A0}.
For any h ∈ H such that h|∂ A = id, applying the piercing property to
C = ∂ A, C0 = B¯ρ, C1 = W \Bρ
and
ϕ : C × [0,1] → C0 ∪ C1, (u, v, t) → h
(
t1/pu, t1/qv
)
yields
i
(
h(A) ∩ Sρ
)= i(ϕ(C × [0,1])∩ C0 ∩ C1) i(C) = i(A0)m − 1,
which implies that i∗(A)m − 1.
Case (ii). Let
c j = inf
A∈A,
i(A) j
max
(u,v)∈A
J (u, v), j = k, . . . ,m − 1.
We will show that −∞ < ck  · · ·  cm−1 < 0 and hence J has m − k pairs of nontrivial critical points (see, e.g., Rabi-
nowitz [20]).
Taking A0 ∈ Σm−1, A0 ⊂ φ(μ0+λm−1)/2, by (18), (34), (11) and (9), we have
J (u, v) φ(u, v) − μ0ψ(u, v) + ε
p
∫
Ω
|u|p dx+ ε
q
∫
Ω
|v|q dx+ M4
∫
Ω
(|u|p1 + |v|q1)dx

(
λm−1 − μ0
λm−1 + μ0 + Cε
)
φ(u, v) + M4C
(‖u‖p11,p + ‖v‖q11,q).
Let ε = (μ0 − λm−1)/2C(λm−1 + μ0), for ρ > 0 small enough, we obtain
J (u, v) < 0
on
A = {(u, v) ∈ W : ‖u‖p1,p + ‖v‖q1,q = ρ, (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ A0}
and i(A)m − 1. Consequently, we get cm−1 < 0.
From (18), (23), (11) and (9), for any (u/(ψ(u, v))1/p, v/(ψ(u, v))1/q) ∈ φλk−1 , we obtain
J (u, v) φ(u, v) − μ∞ψ(u, v) + ε
p
∫
Ω
|u|p dx+ ε
q
∫
Ω
|v|q dx+ M1|Ω|

(
1− μ∞
λk−1
+ Cε
)
φ(u, v) + M1|Ω|,
then choosing ε = 12C min{(μ∞ − λk−1)/λk−1, (λk − μ∞)/λk}, for L > 0 suﬃciently large, we obtain
inf J (u, v) < −M1|Ω|,(u,v)∈BL
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BL =
{
(u, v): ‖u‖p1,p + ‖v‖q1,q  L,
(
u/
(
ψ(u, v)
)1/p
, v/
(
ψ(u, v)
)1/q) ∈ φλk−1}.
Moreover, we claim ck  inf J (BL). If the claim does not hold, from the deﬁnition of ck , taking A ∈ A such that i(A) k
and max J (A) < inf J (BL) < −M1|Ω|, we have A ⊂ W \BL . Indeed, if A ⊂ W \BL , one gets
max
(u,v)∈A
J (u, v) max
(u,v)∈A∩BL
J (u, v)
 inf
(u,v)∈A∩BL
J (u, v)
 inf
(u,v)∈BL
J (u, v)
> max
(u,v)∈A
J (u, v),
which is a contradiction, so that we obtain
J (u, v) < −M1|Ω|, ∀(u, v) ∈ A. (39)
Moreover, for any (u, v) ∈ A, from (18), (22) and (11), we obtain
J (u, v) φ(u, v) − μ∞ψ(u, v) − ε
p
∫
Ω
|u|p dx− ε
q
∫
Ω
|v|q dx− M1|Ω|
 (1− εC)φ(u, v) − μ∞ψ(u, v) − M1|Ω|,
hence, combining (39) and the choice of ε, we obtain
sup
(u,v)∈A0
φ(u, v) < λk,
where A0 = {(u/(ψ(u, v))1/p, v/(ψ(u, v))1/q): (u, v) ∈ A} ∈ Σk , which contradicts the deﬁnition of λk . 
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